Mathematics IV~ 2-1

2. Fourier Series, Fourier Integrals and Fourier Transforms

The Fourier series are used for the analysis of the periodic phenomena, which often appear in physics and
engineering. The Fourier integrals and Fourier transforms extend the ideas and techniques of the Fourier series
to the non-periodic phenomenon. The Fourier transform is commonly used to transform a problem from the
"time domain" into the "frequency domain" in which the amplitude and the phase are given as a function of
frequency.

2.1 Fourier Series

2.1.1 Periodic Functions
If a function f (x) is defined for all real x and if there is some positive number p such that

f(x+p)=T(x) for all x (2.1.1)
it is called periodic. The number p is called a period of f(x).

From Eq.(2.1.1), for any integern,
f(x+np)=f(x) forallx (2.1.2)
Hence2p, 3p, 4p,--- are also period of f(X). fa)

If a periodic function f (x) has a smallest period p (> 0), /\

AN
this is often called the primitive period of f(x). \/ ) \ i \ / “
P

If f(x)and g(x)have period p, then the function Fig.2.1.1 Periodic function
h(x) =af (x)+bg(x) (a,b constant) (2.1.3)
also has the period p .

2.1.2 Fourier Series of a Periodic Function with Period 27
Let us assume that f (x) is a periodic function of period 2 that can be represented by a trigonometric series.
Fourier series
f(x)=a,+ Y (a,cosnx+b, sinnx) (2.1.4)
n=1
Fourier coefficients (given by the Euler formulas)

1 ¢

a, :ZL f (x)dx

anzlj” f(x)cosnxdx, (n=12,-) (2.1.5)
Ty

b, :1'[” f(x)sinnxdx, (n=12,-)
ﬂ- -

It can be obtained from the orthogonality of trigonometric system on an interval of length 2 in Sec. 1.4.
0 (n=m) 0 (n=m)

, j” sinnxsinmxdx = (2.1.6)
7 (n=m) ‘-

j” cosnxcosmx dx =
- 7 (n=m)

J‘f cosnxsinmxdx =0, f cosnxdx =0, J‘f sinnxdx =0 for any integers n and m.

N WA N/ E WA WA A
NE 0\ = \J 2r o\/ \¢/ U

COs T cos 2z cos 3z

VRN AN /AN AN A AR
_ VvV U \V V V

sin x sin 2x sin 3z

Fig.2.1.2 Cosine and sine functions having the period 2z
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If a periodic function f(x) with period 2z is piecewise continuous in the
interval -7 < x< 7 and has a left-hand derivative and right-hand derivative at
each point of that interval, then the Fourier series Eq.(2.1.4) of f(x) is

convergent. Its sum is f(x), except at a point x, at which f (x) is discontinuous

and the sum of the series is the average of the left- and right-hand limits of
f(x)atx,.

Parseval’s Theorem
If a function f (x) is square-integrable on an interval -z < x < 7, then

a’ +%Z(a§ +b§):$fﬂ f (x)?dx

2.1.3 Fourier Series of a Function of Any Period p =2L
If a function f (x) has period p = 2L, then
Fourier series

f(x)=a,+> |a, cosn—ﬂx+bn sin x
n=1 I— L
Fourier coefficients

1 L

aO:ZJ'_Lf(x)dx
1L nzx

=] TWeos xde (n=1.2:)
1 eL 4

=L [ f0osinExd (=129

(" Let x =%v in Eq.(2.1.4) and Eq.(2.1.5))

f(=z)
f(1-0)
1 /
f(1+0)
0 ‘1 T

Fig.2.1.3 Left-and
right-hand limits

2.1.7)

(2.1.8)

(2.1.9)

v
2.1.4 Even and Odd Functions \ /
T

A function g(x) is even if g(-x)=g(x) forall x . L/]\/

A function h(x) is odd if h(—x) =—h(x) for all x . Even function

If g(x)is an even function, then jﬁLL g(x)dx = ZJOL g(x)dx.

If h(x) is an odd function, then .[_LL h(x)dx=0.

The product of an even function and an odd function is odd.

xT

A/
N

Odd function

Fig.2.1.4 Even function and odd function

The product of an even function and an even function, or that of an odd function and an odd function is even.

Fourier Series of an Even Function of Period p = 2L

f(x)=a,+ Zan cosnT”x ( f(x) is even function) Fourier cosine series (2.1.10)

n=1

with coefficients

1L 2L nz
a, :IJ.O f(x)dx, a, :Ijo f(x)cosTxdx, (n=12-) (b, =0) (2.1.11)
Fourier Series of an Odd Function of Period p = 2L
f(x)= an sinnT”x ( f(x) is odd function) Fourier sine series (2.1.12)
n=1
with coefficients
2L . N
bn :I-[O f(X)SInTXdX' (n:]-!z:"') (ao =0, a, :O) (2113)
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2.1.5 Complex Fourier Series
The Fourier series of a periodic function f (x) of period 27

f(x):a0+ﬁ:(an cos nx + b, sin nx)
n=1
1 V.4 1 e 1 K .
aoz—j f(x)dx, a :—j f(x)cosnxdx, b :—j f(x)sinnxdx, (n=12,--")
277 VR VR

n n

can be written in complex form.
Using the Euler formula, we get

e™ =cosnx+isinnx, e

inx

= C0S NX —isin nx
cosnx = = Z(e™+e™), sinnx= i_(e‘”x —e™)= - ( —e™ +e™)
2 2i 2
With this, Eq.(2.1.14) becomes

f(x)=a, +i{ (elnx +eflnx)+%bn (einx e )}
_ao+2{ a, —|b '”X +%(an+ibn)einx}

If we introduce the notations,
1 ¢r
=a,=—/| f(x)dx
% 27r"‘*” )

c :%(an —ibn)=$f” £ (x) (cos nx —isin nx) dx :iﬁr f (e ™

n

0= %(an +ib,) = ifﬂ f (x)(cosnx-+isinnx)dx = %fﬂ f (x)e™dx
we obtain

f(x)—zce'nx :—j f(x)e™dx, (n=0,%142,--)

2.1.6 Complex Fourier Series of Function f (x) of Period p = 2L

f(x)= Y ce™" c, —ij‘ f(x)e™dx, (n=0,+1%2,--)

Parseval’s Theorem
If a function f (x) is square-integrable on an interval -L < x < L, then

2 1
Z |C“|Z:Z (07

Summary
Fourier series of a periodic function f (x) of period p = 2L

f(x)= d,y +Z[a COSTX+b Sln—xJ Z c, iy

Fourier coefﬂuents
1
a, =— fx dx
0 =50 (x)

nrzx
a, =<' foosxdx, (=12

1L . Nr
bn =Iv|:|_ f(X)SIn—XdX, (n:1‘2’)

1
c =— f x)e ™tdx, (n=0,+1,+2,-
el (x) ( )

(2.1.14)

(2.1.15)

(2.1.16)

(2.1.17)

(2.1.18)

(2.1.19)

(2.1.20)

(2.1.21)

(2.1.22)

(2.1.23)

(2.1.24)
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Example
Find the Fourier series of the following periodic function of period p = 2, and graph their partial sums.
0 if-1<x<0
f(x)= . (2.1.25)
x if 0<x<l
f(x)
Solution Ss
Since the period p = 2L = 2, we obtain by the Euler formulas T, )
1 L 1p 1 S,
a, = Z-[—L f(xX)dx = EJ‘O xdx = 1
a, :ijl f(x)cosmdx:rxcosnﬁxdx -2 -1 b 1 x 2
L7 L 0
. -2 Fig.2.1.5 Partial sums of the Fourier series
sinnz cosnz-1 |—— foroddn of f(x)
= =N’z
nzx nz
0 forevenn
1 N7z X 1 —cosnz sinn - for odd n
b, == f(x)sin——dx = [ xsinnzxdx = LLOEN (2.1.26)
LIt L 0 nz n°rz -1
— forevenn
nz

Hence, the Fourier series of f(X)is

f(x):l—i2 COSﬂX+lCOSS7rX+iC0857rX+-~- +l sin;rx—lsin2;rx+13in3;rx—--- (2.1.27)
4 r 9 25 n 2 3
Figure 2.1.5 shows the partial sum
1 1&(-)"-1 1S (D™ .
S, =—+— ) ———cosmzx+— ) ———sinmzx, (n=L12,-- 2.1.28
"4 ﬁzmz:‘{ m? ﬁmz:‘{ m ( ) ( )
This figure shows oscillations near the points of discontinuity of f(x). We might expect that these oscillations

disappear as n approaches infinity, but this is not true; with increasing n, they are shifted closer to the points of
discontinuity. This unexpected behavior is known as the Gibbs phenomenon.

Next, we obtain the complex Fourier coefficients

1
Co =19, :Z
1 1 1 (2.1.29)
—- - —inzx/L _ = T o-inzx _ _ —inz . _
¢ =), e =2 J'O xe "X = oo {(~l+e™@+inz)}  (n=%1%2,)

Thus, we should often separately calculate onlyc, .

Problem
Find the Fourier series of the following functions, which are assumed to be periodic of the period p =2, and

graph their partial sums.

D fX)=x (-l<x<l) (2 f(x)=x> (-1<x<1)
@) f(x)=|x| (-1<x<) (4 f(x)=e* (-1<x<1)
(5) f(x)=sinzx (6) f(x)=4coszx+cosdrx
0 if-1<x<0 1 if-1<x<0
) f(x):{l if 0O<x<l ® f(x):{x if 0<x<l

0 if -1<x<-1/2

1 if-1/2<x<1
0 if —-1<x<0

sinzx if O<x<l1

1+x if -1<x<0

9) f(x):{ 1-x if 0<x<1

(10) f(x) ={

(1) f(x) = { (12) f(x) =[sinzx (-1<x<1)
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2.2 Fourier Integrals and Fourier Transforms

In the previous section, we found that a periodic function can be represented by a Fourier series. We want to
extend the method of Fourier series to nonperiodic functions. We see what happens to the periodic function of
period p = 2L if we letL — o .

2.2.1 Fourier Integral
We consider any periodic function f,(x) of period p = 2L that can be represented by a Fourier series

fL(X) =2, + ) (a, cosm,x+b, sinw,x)
) " . (2.2.1)
L i L . L .
= ZJ.-L fL(v)dv +I2[cos wnxj_L f, (V) cosw,vdv +sin w, xL f (V)sinw,v dv]

n=1
where @, =nz/L
We now set
~(n+)zr nr 7
LU
Then 1/L = Aw/7 , and we may write Eq.(2.2.1) in the form

Ao =o,,, — o, (2.2.2)

X)=— v)av+— 0 xX)4 \' vav+ (Sl X V)SI vav L.
L 2 Lt s ), w LN ), ), w Nt ,

This representation is valid for any fixed L , arbitrarily large, but finite.

We now let L —» o and assume that the resulting nonperiodic function f(x):!im f, (x) is absolutely

integrable on the x-axis; that is, j_w | f (x)| dx exists and it is finite.

Then L — o, and the value of the first term on the right side of Eq.(2.2.3) approaches zero.
Also Aw = /L — 0 and it seems plausible that infinite series in Eq.(2.2.3) becomes an integral from o =0to

w = oo, which represents f (X),

f(x)= lL:c[coswxjwo f (v)coswvdv +sin a)xJ‘w f(v)sin wvdv}da) (2.2.4)
V4 = -

If we introduce the notations
A(w):lj” f (v) cos v dv, B(m):lj” f (v)sin v dv (2.2.5)
T Y T Y

we can write this in the form
f () = [ "[A(@)cosox+B(w)sinwx]do (2.2.6)

This is a representation of f (x) by a Fourier integral.
This naive approach merely suggests the representation Eq.(2.2.6) but by no means establishes it.

Sufficient Conditions for the Fourier Integral
If f(x)is piecewise continuous in every finite interval and has a right-hand derivative and a left-hand

derivative at every point and if it is absolutely integrable on the x-axis, then f (x) can be represented by a Fourier
integral Eq.(2.2.6).

At a point where f (x) is discontinuous the value of the Fourier integral equals the average of the left- and
right-hand limits of f (x) at that point.

Complex Fourier Integral
Similarly, we can derive the following complex Fourier integral from the complex Fourier series.

_ 1 (e poe io(x-v)
f(x)_g'[mjmf(v)e dvde (2.2.7)
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2.2.2 Fourier Transform
Writing the exponential function in Eq.(2.2.7) as a product of exponential functions, we have

f(x) = %j: [ﬁ [ (v)e““’vdv}e‘“’xda) (2.2.8)

The expression in brackets is a function of @, is denoted by f(w), and is called the Fourier transform of
f(x) ; writingv = x, we have

Fourier transform

f(0)=F[f(x)]= %jz f (x)e"*dx (2.2.9)
Inverse Fourier transform
f(x) = 9’-1[1?(@)] =%j: f(w)e"do (2.2.10)

Sufficient Conditions for Existence of the Fourier Transform
If f(x)is piecewise continuous on every finite interval and it is absolutely integrable on the x-axis, then the

Fourier transform of a function f (x) exists.

Summary
Fourier integral of a function f (x)

f(x) = j:[A(w) coswx + B(w)sinwx]dw = %Iic(w)e"‘”dw (2.2.11)

where
A(w):lj'w f (X) cos wx dx, B(a)):ij'w f (X)sin wx dx
7[ —00 72' —00

Lo | (2.2.12)
C(w):Ej_mf(x)e dx
Fourier transform
; (w):?[f(x)]:% [* foge™ ax (2.2.13)
o
Inverse Fourier transform
A 1 o - .
f(x)=F" [ f (w)] =—[" f(we”do (2.2.14)
V2x Afix) AIA As
Aol ’
TR IITIN TV
W s

L

T wu:T

(@) Fourier series
4 f(x)

Al AAA.A A .Ar ‘rh Tﬂ"ﬂﬂhn»
VTU‘UVVUU Vs -

4
-—
-

<

g

-]
—

==

wu:Z_rr
T
(b) Large T
f(x) AJ(w)

(¢) T — o (Fourier transform)
Fig.2.2.1 Fourier series and Fourier transform (period p=T )



Table 2.2.1 Formulas of the Fourier transform
(aandb are constants)
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(1) | Linearity af (x) +bg (x) af () +bG(e)
(2) | Derivative of function f™(x) (ia))n f ()
(3) | Shifting on the o -axis e f (x) f(w-a)
(4) | Shifting on the x -axis f(x—a) e f (o)
(5) | Differentiation of transform xf(x) if'(w)
(6) | Scaling (a=0) f (ax) L r@
la] "a
(f*9))=[" f(p)g(x—p)dp .
(7) | Convolution J - V27 f (0)§(o)
=[" f(x-p)a(p)dp
(8) | Duality f(x) f(-w)
2.2.3 Formulas of the Fourier Transform
(1) Linearity (a and b are constants)
[af (x)+bg(x) \/_J. af (x)+bg(x)}e""’xdx
- aﬁ Lo f (x)e“”xdx+b% jw g(x)e"“*dx (2.2.15)
=aZ [ f(x)]+bF[g(x)]

(2) Fourier transform of the derivative of a function
Let f (x) be continuous on the x-axis and f (x) — 0as | x| —> 0,

Furthermore, let f'(x) be absolutely integrable on the x-axis. Then

9[f'(x)]=%j F/(x)e " dx = ﬁ{[

=0+ m;—j f(x)e" dx = iwF[ f (x)]

Two successive applicatlons of the above equation give
F[ 0] =0T [f'(X)]= ()T f(X)]=-0’F[ f(X)]

(3) Shifting on the w -axis

[f(w a)] \/_j f(w—2a)e”dw

Letw—a=v,thenw=v+a,dw =dv.We obtain

[f(w a)] J_I f (v) e axdy =
=™ [f(w)]ze““f(x)

1 e oa .
—e®| f(v)e"dv
\2r j’* v

(4) Shifting on the x-axis
f(x-a)]= f (x—a)e *dx
7 ol

Letx—a=v, thenx =v+a, dx = dv. We obtain
f (V) efi(u(v+a)dv _ 1 efiaw J‘_DC f (V) efiwvdv

F[f(x-a)]= J_I oo
=e ™ F[f(x)]

e ] ~(io)|” f(x)e""’xdx}

(2.2.16)

(2.2.17)

(2.2.18)

(2.2.19)
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(5) Differentiation of the Fourier transform

—iwx

df(&)) d —iwx de — 1
f'(w)=— o dw{\/_jwf(x)e dx} Fj f(x) P dx_mLo
=—iF [xf(x)]

Thus,
F[xt(x)]=if' (@)

(6) Scaling on the x-axis

If a>0then
Ff(@x)]= \/_j f (ax)e"*dx
Letax =v, we get
gy =L@
F[f(ax)]= J_I —f(v)e dv-af(a)

We can similarly derive it if a <0. Hence,

9[f(ax>]=ri|f(§>

(7) Convolution

F((1+900]= = 1(Pax-p)e dpa
Letx— p=q, we get

F(f*9)(x)]= FI |~ t(py(@e ™ dadp
) EL f(p)e*dp[” g(q)e ™ dq =27 F [ f ()] F[9()]

Also,
PN B P
9[f(x)g(x)]_ﬁ(f 9)(w)—mj‘_wf(w V) §(w)dv
Note: In general, F[f(x)g(x)]=F[f(x)]F[9(x)]

(8) Duality
Let x —» —w and w — x simultaneously in the inverse Fourier transform. We get

f () = %ji f(x)e *dx = 9[ f(x)]

Example
Find the real Fourier integral and the Fourier transform of the following function.

x if0<x<l
f(x)= .
0 otherwise

Solution
Substituting Eq.(2.2.26) into Eqg.(2.2.5), we obtain

—1+cosw+wSsin @

2
T

sinw — @ Cosw
2

A(w) =1J‘j° f(x)coswxdx = lJ:xcoswx dx =
/e T

B(w) =ljjo f (x)sinwxdx =£jolxsin XX =
VA VA

Tw
Hence, we obtain the Fourier integral
ol =14+ COS@ + wSiN® Ssinw—wcosw .
f(x):.[ 5 COS WX +——————SsinwX |dw
Tw Tw

Substituting Eq.(2.2.26) into Eq.(2.2.9), we obtain the Fourier transform

f(w) = —\/;— I: f(x)e " dx = —\/;_ .[: xe *dx = —_1+j_2_(al): )
T T T

“Zixf (x) e dx

(2.2.20)

(2.2.21)

(2.2.22)

(2.2.23)

(2.2.24)

(2.2.25)

(2.2.26)

(2.2.27)

(2.2.28)

(2.2.29)
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Figure 2.2.2 shows A(w) , B(w) and | f(a))| =\2/r ‘ f(a))‘ , Which is a frequency domain representation of the
function f (x). Figure 2.2.3 shows the integral

s, (X) = joa[—1+ COSw + wSsin @ COwa+Slna)—wCOSa)Sian}dw (2.2.30)

7w’ o’

which approximates the integral in EQ.(2.2.28). Although S, (x) approaches f (x) as a increases, the oscillation
known as Gibbs phenomenon occurs near the discontinuity point of f(x).

Fig.2.2.2 Amplitude spectrums of f(x) Fig.2.2.3 Integral S, (x) and f(x)

2.2.4 Fourier Transforms of Some Functions

+ Gaussian function
f(x)=e® (a>0)
We use the definition of the Fourier transform.
[ a) (Z\f] e 4aJ' e[\FH aj dx

F[f(0)]= - ox gy =

e

=/ =]
We denote the integral by | and we use~/ax +im/2+v/a = v as a new varlable of integration. Then dx = dv/~/a ,

so that

I = J: ef[ﬁﬂ;%j dx = %ji eV dv

We square the integral, convert it to a double integral, and use polar coordinates r =+/u® +v* and @. Since
Qf(w)

dudv=rdrdé@, we get
12 L

== e’u duf“evdv=1 e I dudv -
R AT\
:—J.Mrerzrdrdez—”[—ie'z} = :
aJo 2o al| 2 0
Hence | =./z/a.
From this and the first equation in this solution,
@lZ_ 1w (2.2.31)

g[e’axz ] = %E g oxgy = \/1_ " \/_

The Fourier transform of the Gaussian function is a Gaussian function.

—

o N

Fig.2.2.4 Gaussian function and its Fourier transform

(x)
- Square wave e

1 .

— if |x|<a

f.(x)=1{ 2a (2.2.32)
0 if|x|>a — :

Area: " (xdx =1
I,w (9 Fig.2.2.5 Square wave and its Fourier transform
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Taking the Fourier transform, we get

1 = i 1 a1 A I N
FlT,)]=——=| f.(x)e"dx=—= —e"”xdx:——{—e"”x}
[ ( )] N2 J"‘” ( ) N2 '[’a 2a N2 2alio _a
1 1-1, i
. e—l(ua_elwa 2.2,33
271 2a Ia)( ) ( )
- i_—1(—2isina)a)——1 sinaw
N2r 2aiw N2 aw
- Dirac delta function (unit impulse function)
. o if x=0
Img f,(X)=5(x) = it (2.2.34)
Properties: J‘_w J(x)dx =1 —
j_°° f(x)5(x-a)dx=f(a) (22.35) —+—+—+—————+ +

j " £ (x)5(x)dx = (0)
- Fig.2.2.6 Dirac delta function §(x) and its Fourier transform

Taking the Fourier transform, we get

l 0 B
F6(x)]=—=| d(x)e"dx
Jor - (2.2.36) s
_ 1 —iw0 __ 1
NN |
Using the formula of shifting on the x-axis, we get |
F[s(x-a)|=e " *F[5(x)] Fig.2.2.7 J(x—a)and its Fourier transform
1 ’
=——g 2.2.37
NerS ( )
:%(cosaw—isin am)
4 £ f(w)
From the duality, we obtain —
9[1]255(_0’):@5(”) (2.2.38) ——t—t p—t—t— et
and * ¢
Fle™ = V2rs(-o-a) =\275(w+2) Fig.2.2.8 Constant and its Fourier transform
F[e™ |=V2rs(w-a) (2.2.39)

» Trigonometric function
f (x) =acosw,x+bsin w,x

= %{(a— ib)e"™" + (a+ib)e ™}

where @, is constant.
Taking the Fourier transform, we get Fig.2.2.9 Trigonometric function and its Fourier transform

Jor

F[acosmox+bsinwyx] = T{(a— ib)S(w—w,) + (@ +ib)S(w+w, )} (2.2.40)
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+ Impulse train (Dirac comb)

S (X)= Y 8(x—nT) (2.2.41)
Because it is a periodic function of period p =T , it has a Fourier series.
The complex Fourier coefficients are Flx) Flw)
1172 —inmyXx _ 1
I A EERRARRENSRERESNEE

where w, = 27/T . ——— — L1

-T T —wo wo @
Hence we can express the impulse train as
5. (%) :% Z ginonx (2.2.42) Fig.2.2.10 Impulse train and its Fourier transform

Taking the Fourier transform, we get Flx)

N2 &
g[é}(x)]:?z 5(a)—r‘|a)0) /\ T I 1
N=-0 T T T
LS S(w-nw,) (2.2.43) x =t | -

fs(x)

_ a
hY; 27Z' n=—w
@, 8r(x)
G IRENRN
The Fourier transform of the impulse train is an impulse train.
X

Fig.2.2.11 Property of impulse train
* Periodic function f (x) of period p=T
Taking the Fourier transform, we get
1 w ] (n+l)T )
— | f(x)e"dx= 2 f(x+nT)e'"dx
\/E J‘—oo Z J.( ]2'
Lett = x+nT, then

f(w) = \/_ Z J' o f(t)e gt = %( i einmj‘[;//zz f(t)e " dt

Where,

f(0) =

. 2nrxr

& 0=
e = T

0 otherwise

From the impulse train, Z e :?” Z _2n_”)

n=—x

Furthermore, using the complex Fourier coefficientsc,,

[ e dt=Tc, at o=
-T/2 T

Hence we get
Fl) = —— > Te,0,8(@—-nwy) =27 Y ¢,8(0—nw,) (2.2.44)
\Y) 2” N=-o0 N=—0
where w, = 27/T

The Fourier transform of the periodic function f (x) of period p =T has values only at discrete points = ha, ,
and these values are represented by the complex Fourier coefficients of f(x).
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2.2.5 Applications of Fourier Series and Fourier Transforms

+ Approximation
Let f (x) be a function on the interval —z < x <7z that can be represented on this interval by a Fourier series.

Then a trigonometric polynomial of degree N
N
F(x)=A+ Y (Acosnx+B sinnx) (N fixed) (2.2.45)
n=1

is an approximation of the given f (x). The square error of Fin Eq.(2.2.45) (with fixed N) related to the
function f on the interval -z <x<r

E=[" (f-F)dx (2.2.46)
is minimum if and only if the coefficients of Fin Eq.(2.2.45) are the Fourier coefficients of f , that is,
A =a,,A =a,...,B, =D, . This minimum value E” is given by

z N
= :j_” fzdx—n{zag +n§(a§ +b§)} (2.2.47)

From Eq.(2.2.47) we see that E” cannot increase as N increases, but may decrease. Hence, with increasing N,
the partial sums of the Fourier series of f

N
f(x)~a,+ Y (a,cosnx+b,sinnx)
n=1

yield better and better approximations to f , considered from the viewpoint of the square error.

- Frequency analysis
The nature of presentation Eq.(2.2.10) of f(x) becomes clear if we think of it as a superposition of sinusoidal

oscillations of all possible frequencies, call a spectral representation. In Eq.(2.2.10), the spectral density
fA(a)) measures the intensity of f(x)in the frequency interval between » and o + Aw ( Aw small, fixed). The
integral

j Z| f(o)f do
can be interpreted as the total energy of the physical system; hence an integral of | f (w) [* from a to b gives the
contribution of the frequencies @ between from a to b to the total energy. If a function f(x) is
square-integrable, then we have Parseval’s theorem

I:' f(x) [ dx :j:| f(o)f do (2.2.48)

If the system has a periodic solution y = f (x) that can be represented by a Fourier series, then we get a series

of squares |c, |* of Fourier coefficientsc, given by Eq.(2.1.21). In this case we have a discrete spectrum (or
point spectrum) consisting of countably many isolated frequencies (infinitely many, in general), the
corresponding |c, [* being the contributions to the total energy.

A system whose solution can be represented by a Fourier integral Eq.(2.2.10) leads to the above integral for
the energy.

Amplitude

Amplitude

Fig.2.2.11 Frequency analysis

+ Solving method of differential equations
In the next section, we will see that the partial differential equations can be solved by the Fourier series or the
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Fourier transforms methods.

Problem-1
Find the real Fourier integral and the Fourier transform of the following functions.

1) f(xX)=x (-1<x<1 (2 f(x)=x" (-1l<x<l)

@B) f(x)=|x| (-1<x<) 4 f(x)=¢* (-1<x<)

(5) f(x)=e™ (6) f(x)=e™sinx
1 i 0 1 1 if-1<x<0

if 0<x<

7 f(x)= . 8) f(x)=91-x if 0<x<1

0 otherwise

0 otherwise
1 if ]/2 1 1+x if -1<x<0
IT — < X<
9) f(x)= . (10) f(x) =<4 1-x if O0<x<l
0 otherwise .
0 otherwise

sinzx if0<x<l
0 otherwise

|sin 7rx| if —1<x<1
0 otherwise

(1) 1) ={ (12) £(x) ={

Problem-2
Find the Fourier transform of the following functions.

(1) f(x)=sinzx (2) f(x)=4coszx+cosdrx



2-14  Mathematics IV

2.3 Linear Partial Differential Equations

In this section, we see that the partial differential equations can be solved by the Fourier series or the Fourier
transforms methods.

2.3.1 Examples of Linear Partial Differential Equations of the Second Order

. ou ,d%
Heat equation —=C"— 231
a ot ox? (2.3.)
. ou , 0%
Wave equation —=C"— 2.3.2
a o’ ox’ (2.32)
2 2
Laplace equation a—lzj+a—l: =0 (2.3.3)
ox~ oy
Linear Homogeneous Partial Differential Equations
The superposition or linearity principle holds.
Example-1
Find the temperature u(x,t) in a bar of length L governed by the following heat equation and the conditions.
ou ,d%
—=c"— (O<x<L,t>0 2.3.4
o e ( ) (23.4)
Boundary conditions:
u(0,t)=0, u(L,t)=0 (t=0) (2.3.5)
Initial condition:
x if O<x<L/2
u(x,0)=f(x) = i 2.3.6
x.0)=1(x) {L—x if L/2<x<L (239
Solution by method of separating variables (review)
We determine solution of the Eq.(2.3.4) of the form
u(x,t) = F(X)G(t) (2.3.7)
By differentiating and substituting it into Eq.(2.3.4), we obtain
dG(t) d?F(x)
F(X)—==c"G(t)—— 2.3.8
() ™ (t) e (23.8)
Dividing by ¢®F (x)G(t) , we find
2
21 dG(t) _ 1 d ng):k (2:3.9)
c°G(t) dt F(x) dx
This yields two ordinary differential equations,
2
d FEX)_kF(X):0 (2.3.10)
dx
%—kch(t) =0 (2.3.11)
From Eq.(2.3.10) and the boundary conditions, F(0) =0, F(L) =0,
(1) For k>0, F(x)= Ae +Be™ . From Boundary conditions, A=B=0. Hence F(x)=0
(2) For k=0, F(x)=ax+Db. From Boundary conditions, a=b=0. Hence F(x)=0
(3) For k<0, F(x)=Acos px+Bsin px,where p®=-k
From the boundary conditions, F(0)= A=0,F(L)=BsinpL=0
We must take B =0 . Hencesin pL=0,s0 p=nz/L (n=12,--)
Thus, we obtain
F(x) = Bsin”LLX (n=12,-) (2.3.12)

For p? = —k , a solution of Eq.(2.3.11) is

G(t)=e Pt (2.3.13)
The following is omitted.
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Solution by Fourier series
We solve the problem using the method of separating variables and the Fourier series. From the boundary
conditions, the temperature u(x,t) can be expressed in the form of the Fourier sine series.

u(xt) = ZG (t)sin 72X (2.3.14)
Substituting Eq.(2. 3 14) into Eq.(2.3.4), we obtain
2
ZG (t)smm: czan(t)[”T”j sin”LLX (2.3.15)
=1

Hence, G, (t) s must be satisfy the following equation.

2
Gn’(t)z—CZ(”T”j G, (1) (2.3.16)
The solution of this equation is
24,22
G,()=B exp( ¢ ”L” t] (2.3.17)
From this and Eq.(2.3.14), we obtain
0 2.2 _2
u(x,t) = 3B, sin “’[ Xexp(—c ”Lz” tj (2.3.18)
n=1

From the initial condition, we have
u(x,0)=f(x) =B, sin”LLX (2.3.19)
n=1

This equation represents the Fourier sine expansion of f(x). Hence, B, ’s are the coefficients of the Fourier sine
series.

B, :% [ f(x)sin”LLde (2.3.20)
Hence the formal solution is
2& . NxX c’n’z? nzv
u(x,t)=—>» sin exp| — t f (v)sin——dv 2.3.21
()L;Lp[sz()L (2.3.21)
From Eq.(2.3.20), we get
i“.z (nzl’s’gl...)
B —E{IL/ xsmdeJrj (L- x)smmdx} isinn—ﬁ— nZL (2.3.22)
" L 0 I_ n27Z'2 2 _ﬁ (n:3171111'”) -
0 (n=2,4,6,--)
Hence the solution is
L X —cr? ~ 1. 3ax -9c?x
u(x,t) = sin—exp| ——t [—=sin——ex —t +oeee 2.3.23

Figure 2.3.1 shows the temperature forc =1, L = 2and various values of time.

u(x,t) u(x.9

A

Fig.2.3.1 Temperature in the bar of Length 2 Fig.2.3.2 Temperature in the infinite bar




2-16  Mathematics IV

Example-2
Find the temperature u(x,t) in the infinite bar (—oo < x < o) governed by the following heat equation and the
initial temperature.

ou o°u
E:czW (—o < X <00, t>0) (2.3.24)
w0 = foo =) T Ix|<1 (2.3.25)
L 0 i |x]>1 -
Solution
Let the Fourier transforms of u(x,t) and f (x) with respect to x be
- 1 = i - 1 = i
U(o,t)=——=| u(x,t)e"dx, f(w)=—==]| fFf(x)e""dx 2.3.26
(>ﬂjﬁ() (>ﬂjﬁ() (2.3.26)
The Fourier transforms of Eq.(2.3.24) and Eq.(2.3.25) become
%:cz(iw)za(w,t), 0(@,0) = f () (2.3.27)
The general solution of this differential equation is
i(o,t) =Ce s (2.3.28)
From the initial condition, we get
i(w,0)=C= f(w) (2.3.29)
Hence the solution of this initial value problem is
i(@,t) = T (w)e " (2.3.30)
Taking the inverse Fourier transform, we obtain the formal solution
1 © A f 1 w A 2 2,
uix,t)=——=| U(o,t)e""do=——=| f(w)e*"'e"do
27 L" N2 Jl“
1 L (x_v)? (2.3.31)
=—[" f[ et Ndmdy = "t (vyexp| —o |dv
=N ol [t p[ 2t
The last equation can be obtained by a similar method to Eq.(2.2.31).
Hence the solution is
1 0 —(x—Vv)? 1 —(x-v)?
u(x,t 1+v)exp| ———— |dv+ | (1-Vv)exp| ———— |dv 2.3.32
( )ZCH{L( ) p( "= J Joa-v p( "= (2:3.32)
Figure 2.3.2 shows the temperature for c =1 and various values of time.
Takingz = (v— x)/(Zc\/f) as a variable of integration in Eq.(2.3.31), we get the alternative form
1 (= 2
u(x,t)——= [ f(x+2czs/t)e ™ dz 2.3.33
(x.1) J;L ( ) (2.3.33)
Example-3
Find the deflection in the string of length of L governed by the following wave equation and the conditions.
ou ,d%
—=Cc"— (O<x<L,t>0 2.3.34
e v ( ) ( )
u(0,t)=0, u(L,t)=0 (t=>0) (2.3.35)
x if 0<x<L/2 au
u(x,0)= f(x) = . , —| =9(x)=0 2.3.36
(x.0)=1(x) {L—x if L/2<x<L ot o) ( )
Solution
Similar to Example 1, from the boundary conditions Eq.(2.3.35),
ux=>G, (t)sin“LLX (2.3.37)
n=1

Substituting it into the wave equation Eq.(2.3.34), we obtain

d°G, () __(nx)
e~ ¢ ( Lj G, (t) (2.3.38)
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Hence,
u(x,t) = Z(B cosc—”t+c sm&:ﬂ]smnil_x (2.3.39)
From the initial condition Eq.(2.3.36),
u(x,0) = f(x) Fourier sine series B, =%IOL f(x)sinnLLde (2.3.40)
a =g(x)=0  Fourier sine series C, =ing(x)sinmdx=0 (2.3.41)
ot |izo cnz °0 L
Hence the formal solution is
cnzt . nzx 2L . nzX
u(x,t B, cos——sin—, B, =—| f(x)sin—-dx 2.3.42
(x,t) = Z —sin—- p= ], FO0sin=" (2.342)

Example-4
Find the deflection in the infinite string (—oo < x < o) governed by the following wave equation and the

conditions.
o%u o%u

Ezczy (—0 < X< o0, t>0) (2.3.43)
u(0) = 1o =] X X<t g (2.3.44)
T 0 i x> at)y, a
D’Alembert’s solution of the wave equation (review)
By introducing the new independent variables,
E=x-ct, p=x+ct, (2.3.45)
a general solution of the wave equation Eq.(2.3.43) is
u(x,t) = p(x—ct) + w(x+ct) (2.3.46)

Then we find the solution satisfying the initial conditions.

Solution by Fourier transform
The Fourier transforms with respect to x of the wave equation Eq.(2.3.43) and the conditions Eq.(2.3.44)
become

d*l(w,t) _

e c*o*l(w,t) (2.3.47)
((,0) = f (@), J@D g (2.3.48)
dt i
We obtain a general solution of Eq.(2.3.47),
((w,t) = Ae*" + Be " (2.3.49)
From the initial conditions Eq.(2.3.48), the solution is
d(w,t) == f (a))( e +e") (2.3.50)
Taking the inverse Fourler transform of Eq.(2.3.50), we obtain the formal solution
u(x,t) = %{ f(x+ct)+ f(x—ct)} (2.3.51)
Example-5
Find the solution of the following Laplace equation.
2 2
U, 08 _5 (0<x<L0<y<K) (2.3.52)
ooy’
u(0,y)=0, u(L,y)=0 (0<y<K) (2.3.53)

x if 0<x<L/2

, u(x,K)=0 (O<x<L 2.3.54
L-x if L/2<x<L (%K) O<x<b) ( )

u(x,0) = f(x)={
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Solution
From the boundary conditions, Eq.(2.3.53)
u(x,y) = iGn(y)sinnLLx (2.3.55)
n=1
Substituting it into the Laplace equation Eq.(2.3.52), we obtain
d?G, (y) (nn)z
D= —| G 2.3.56
ay? ) &) ( )
Hence,
G,(y)=a,exp [nLLy)ern exp(—nLLyj (2.3.57)
From the boundary condition,u(x,K)=0 (0<x<L),
G,(K)=a, exp(mEK j+ b, exp(—%) =0 (2.3.58)
We obtain
b =-a, exp(zn”K j (2.3.59)
Hence,
G.(y) =2, {exp[n”yJ—exp(znﬂK - n;ryj}
L L
=a, exp[ nzK J exp(_n”(K — y)J—exp(mj (2.3.60)
L L L
=2a, exp(nﬁK jsinh(_n”(K — y)j
L L
Let2a, exp (%) = C, and from the above equation,
u(x,y) = 3, sinh ("””(E - y)]sin ”’LT X (2.3.61)
n=1
From the boundary condition, u(x,0) = f (x),
= . -nzK) . nzx . -nzK 2L . NrX
f(x)=) C,sinh sin——, C,sinh =—| f(x)sin—dx=B, 2.3.62
(0= 3,C, sinh 7 Jsin ™ (=21 109sin™ (2.362)
Hence the formal solution is
- Sinh(n”(}t_y)j nzx 2 rL N7z X
— - T - VA
u(x,y)=> B , Bj=—| f —d 2.3.63
(y) =28, — (mK) sin——, B, == f(qsin——dx (2.3.63)
sinh| ——
L
Problem
Find the temperature in a bar of length L governed by the following heat equation and the conditions.
ou ,d%
—=c"— (O0<x<L,t>0 2.3.64
p PV ( ) ( )
a =0, a =0 (t=0) (2.3.65)
OX x=0 X x=L
x if O<x<L/2
u(x,0)=f(x) = i 2.3.66
x.0)=1(x) {L—x if L/2<x<L ( )
Hint

From the boundary conditions, the temperature u(x,t) can be expressed in the form of the Fourier cosine
series.
= nzx
u(x,t)=> G, (t)cosT (2.3.67)
n=0



