Appendix

Exponential function
e*e’ ="
e /e =Y
(") =e”
elnx =X
“Inx _ eIn(1/><) :l
X
Trigonometric functions
sin(—x) = —sin x

e

cos(—x) = cos X

sin X COS X 1
tanX =——,CcotX=——,S8CX = ——,CSCX = ——
COS X sin X COS X

sin® x+cos’ x =1

sin(x+y) =sinxcosy +cosxsiny
cos(X+ y) =Ccosxcosy Fsinxsiny
tanxttany

tan(xty)=——""—=—
(x£y) lxtanxtany

sinxsiny =4 {—cos(x+y) +cos(x—y)}

CosXCos y =1{cos(x +y)+cos(x—y)}
L{sin(x+y) +sin(x—y)}

sinxxsiny =2sin 2y sXiy

sinxcosy =

2

X+y  X-—
mchmy:Zmyjrmm—?—
+y . X-Yy

. X
COSX—COSY = —Zsstm

asinx+bcosx =+/a® +b? sin(x + ¢)
where

CoS¢ = b

a .

Differentiations
(cu)'=cu’ (c constant)

u+v) =u"+Vv
(uv) =u'v+v'u,
du_du dy

o dy.& (chain rule)
(x") =nx"*

) =¢

(@*)=a"Ina

(X)) =x*@+Inx) (x>0,x=#1)

e™ =cosx*isinx (Euler’s identities)

(u/v)' = (u'v—v'u)/v?
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Natural logarithmic function
In(xy)=Inx+Iny

In(x/y)=Inx—Iny

In(x*)=alnx
Logarithmic function
log, X = Inx
Ina

Hyperbolic functions
sinhx=3(e*—e™)
coshx=1(e"+e™)
tanh x = sinh x , cothx = C(_)Sh X

cosh x sinh x
cosh? x—sinh® x =1
sinh(x £ y) =sinh xcosh y £ cosh xsinh y
cosh(x + y) = cosh xcosh y sinh xsinh y

tanh xttanh y
1+tanh xtanhy
Gamma function

I'(a) = j: e't*dt (a>0)

tanh(xty) =

Na+l)=ar(@), r'kk+1)=k! (k=0,1,---) (Factorial)

r/2) ==

Inverse hyperbolic functions (principal values)

arcsinhx = In(x+vVx* +1) -0 < X<

arccoshx = In(x++/x* =1) x>1 (arccosh x > 0)

arctanhx=—|n(1+XJ -l<x<1
2 1-x
Xx+1
arccothx_—ln[ ) x<-1 x>1
2 x-1

Integrations
I cudx = cJ'u dx (c constant)

I(u+v)dx=judx+jvdx
Iuv’dx:uv—Ju’vdx

jg”f(x)dx jf(g(t))g (®dt  (substitution rule)

n+l

e X
J-de_n+l

+¢ (n=-1)

1
.[eaxdx =—e¥4¢
a

X

_[adx— a +C

Ina
Ilnxdx=xlnx—x+c
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(In x)’:l
X
(log, xy = 2%
X
(sinx)" = cos x

(cosx)' = —sinx
(tan x)' = sec® x =1/cos’ x
(cotx)’ = —csc? x = —1/sin® x
(secx)’ = sec x tan x = sin x/cos? x
(cscx)' = —cscxcot x =—cos x/sinZ X
(sinh x)" = cosh x
(cosh x)" = sinh x
(tanh x)' =1/cosh? x
(coth x)" = —1/sinh? x

1

1-x*
1
1-x*

(arcsinx)’ =

(arccosx)' = -

(arctan x)' = !
1+

X2
(arccotx)' = - 5
(arcsinh x)' =

1+x°
(arccosh x)' = !

x? -1

hx)’ !

(arctanh x)" = —

1

(arccoth x)' = =

Maclaurin series (Taylor series with centerz, =0)

m 2m
COSX = Z( =1 —lx2+ix“—---
= (2m)! 21 41
m 2m+1
sinx = y CDTXT SRS IR SO
~(2m+1)! 31" 5l

ex—zx ISPV S I
= m! 2! 3!
L:me:1+x+x2+--- (Ixl<1)

1-x m=0

In(1-x) :—Zx—z—x—lxZ —%x3 -

3 5

( 1)m 2m+1

arctan x = Z _x—lx +%x -

= 2m+1 3

jldx:ln|x|+c
X

xInx—x

J'Iogaxdx=
Ina

jsin Xdx =—-cosx+cC
Jcosxdx=sin X+C

jtan xdx=-In|cosx|+c
Jcotxdx: In|sinx|+c
Isecxdx:ln |secx+tan x| +c
Icscxdx: In|cscx—cotx|+c
jsinh xdx =coshx+c

jcosh xdx =sinhx+c¢

J'tanh xdx =In|coshx|+c

Jcoth xdx =In|sinhx|+c

X
dx = arcsin— + c

[
I\/az —x%dx :E{x\/az —x* +a? arcsin§}+c

x> +a’

_[\/xz +a2dx:%{x\/x2 +a%+a? In(x+\/x2 +a? )}+c

1 X
J.—dx =arcsinh=+c = In(x+\/x2 +a2)+c
Vx? +a? a

J‘%dx =arccosh§+c = In(x+\/x2 -a’ )+c

1 1 X
j dx = —arctan—+c
a a

x+a 1 X
_[ dx— ——|+c=—arctanh—+c¢C
a?—x? 2a X—a a a
I\/xz—azdx=%{x\/x2—a2—azln(x+x/x2—a2)}+c
jsinzxdx:lx—lsin2x+c, I _12 dx =— 1 +C
2 4 sin” X tan x

jcoszxdx=%x+%sin2x+c,j 12 dx=tanx+c
CoS” X

jtanzxdx:tanx—x+c, jcotzxdx:—cotx—x+c

ax

——— (asinbx—bcosbx) +c¢

Ie“ sinbx dx =
a‘+b

ax

e
Ieaxcosbxdx= PR~
a“+b

(acosbx+bsinbx)+c

Growth rate

n
im™X_0 (n>0), lim* =0 (a>1)
X—»oox X—)ooa

x |
lim& —o, im>X =0

x> x| x—o XX



Table of Laplace Transforms
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f(t) F(s) f(t) F(s) f(t) F(s)
o(t) 1 coswt 5 > 5 sin wt zw >
s?+w s?+w
1 s—a ®
1, u(t = at - = at o; [
) 5 e cos wt _ay 1o’ e sin ot 5 ool
t" | —wSsi . i
012 rn1+1 cos (et +6) scosf a)zsmé? sin (et +0) ssm&;+a);:03¢9
n=0,12,-- P+ s +w
1 s+ 2w° 2w°
at 2 a2
¢ s—a cos” t s(s® +4w?) sin” ot s(s® +40?)
aten | cosh at sinhat
et n: eat+e—at S eat _e—at a
(n=0,12,-- (s—a)”” === 5232 _s v 2 _a2
2 2
ta I(a+1) : s? - 2a? - 2a°
(a>-1 s cosh” at s(s? —4a’) sinh” at s(s? —4a’)
t 1 s? —@? . 2wS
2 - pr tcos wt m tsin wt m
1 1 tcos? ot s' +20°s” + 80" tsin? ot 200° (3s% +4”)
Jrt Js cos" @ $%(s% +4w?)? s @ $%(s? +4w?)?
e —e* . 2 . 2s(s® —3w°) 2 sin of 20 (3s% — %)
2\/? S—a—+S— COSw —(Sz+a)2)3 SIN @ —(52+w2)3
2 2
Int _7xIns %(1—005@'[) In> +2a) %sin wt arctan
s s s
L ) , L arctanhE
_ _ . S
—(ebt —eat) In% =(1-coshat) In> Za Zsinh at | sea
t s- t s (:Eln j
s—a
S+ @csch ;[—S wcoth ;T—S
k 75 2 2 @ 2 Zw
g S“+w . S +w
Ny g |cos wt s s |sin ot | s
(k > 0) _s(e” -1 +2e*w wo(e” +1)
] D
(e® =1)(s* +w?) (e® =1)(s* +w?)
1 -
ﬁe a g cos 2v/kt g ¥/s sin 2vkt g ¥/s
(7k[> 0) \/g \/E \/g 7k s¥?
2K g il cos 2v/kt —Vse ™" in 2</kt
N e erfc(ij — (M Sin2vid erf( k/s)
(k >0) 2k o xtd — 7k erf(«/k/s) 7t
K
%e at Kl(k\/g) cosh 2v/kt gk/s sinh 2kt g/s
by | W | R 2 i
1 -
—e 4 1 1
K, (k/s J,(at I, (at
2t 0( ) 0( ) 1l 0( ) o
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1 _2arcsinh > arccosh >
erf () - Y, (at) T K, (at) .
sv/s+ T —
1
Srltvs a'(s+ys’+a’)” a"(s+/s* —a%) "
erfe(t) — 3, (at) v )
_vs+i-l n Vs? +a? " 7o
svs+1
1 1
e'erf (\/f) _r f‘]n(at) a"(s+vs*+a*)™" Eln(at) a'(s+ 2 —a?)"
Js(s-1) (n+0) n 020 -
1 1
n 2)" T n+= n 2a)'Tl n+=
S+S > — L > —
Jr(s?+a?) 2 Jz(s2-a%)"
_pas
o) | = B2k Set 1K) Lo
f i 1 —as Jo(a\]tz—bz) eib s +a’ > eb(s—\/sz+a2)
e ¢ 3, (@vt? + 20t) L
24t S (t>b) s? +a? [s? 4 a2
Ei(at) 1m3+a Si(at) lamMnE ci(at) = IS ta
s a S s SIn—

Euler constant

1

. 1 1
y=Ilim1+=+=+---+=—Inn
2 3

n—w

Gamma function

I'(a) = J:e’tta’ldt (@>0), r'(a+l)=ar(a), r'kk+)=k! (k=01--), I'@/2)= Jr
Error function and complementary error function

2 (x g
— | e dt, erfc(x)=1-erf(x)=
=l

erf (x) =

Sine integral and cosine integral

si(x) = ——Sl() I

i) =] ﬂdt

n

©sint

Exponential mtegral and Iogarlthmlc mtegral

weit
Ei(x):IX To|t,

Fresnel integrals

li(x) :joxl‘:]—tt

S(x) = joxsin(tz)dt . C(x) = j:cos(tz)dt

Bessel functions

Solutions of the differential equation x°y” +xy’ + (x°

1)m 2m+v

J(x)z C

< 2™ mIC(v+m+1)’

Modified Bessel functions

Solutions of the differential equation x°y”+xy’'—(x*> +v?)y =0

IL(x)=i"J,(ix)=

2m+v

Z 22m+v

mIT(v+m+1)

—dt

%Iwe‘z dt
T X

© COSt

Ci(x) = j —

-v*)y=0
Y, (0 =—
Sihvr

(v=0)

Yn (X) = lean (X) (n =01, 2!)

()_25|

(v=0)

[1.0-1,(0]

K, (x) = IVILYHI Kv(x) (n=0,1,2,--)

j =0.57721566490153286060651209008240243104215933593992. - -
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Table of Inverse Laplace Transforms

F(s) f(t) F(s) f(t) F(s) f(t)
1 o(t) e® o(t—a) 5 1 5 isina)t
S +w w

1 1, u(®) 1 e 5 S 5 cos wt

s s—a s’+w

1 1

" L (s—-a)" et ! ! sinhat
Y Y 2_g2 a
(n=12,--) (n-1) (n=12,--) (n-1) s°-a a
1 1
st * (s—-a)" et S cosh at
r I'(k 2 _ g2
(a>0) (@) k>0) (k) s —a
1
1 1 — eat eb'[ 1 1 i
— —_— (s—a)(s—h) — —e™ sin ot
- s—a)’ +
Js Jrt (a=b) a-b (s-a) +w w
1 t — ae™ —be™ s—a
p 2, [— (s—a)(s—b) —alb (s—a)—2+a)2 e® cos wt
4 (a#b) a-
ght — g Wl(sz*-bz) bsinat —asinbt 1 1 (1 cos t)
sa-Vs-bo L TE ab(b? - a’) SEr0t) | @t
(a=b)
—(a+b)t
1 e * x SRR E— cos at — cosbt 1 1
s? +a?)(s? +b? = — (wt—sinwt
S+a S+b | a—bt ( )( ) b2_a2 52(52+a)2) a)g( )
vstay o| 5 (a=b)

1 1 1 (sinktcoshkt— 1 sin wt — wt cos wt
= 3, (at) S - — : o | s
Vs? +a’ s +4k* 4k® | cosktsinh kt (s* +o°) 20°

s e™ (L+ 2at) s 1 . . s tsin ot

- == S —sinktsinh kt
(s-a)¥? Jrt s* +4k* 2k? (s* + 0?)? 20
1 1 1. . s? sin wt + wt cos ot
I, (at ——(sinh kt —sin kt
s? —a’ o(@) st —k* 2k ¢ ) (s* + @) 20
1
zlzk —\/;(t)kz S 1 s 1
s°—a 94 ——(cosh kt — cos kt cos wt —— wt sin wt
( ) 0) r'(k)\ 2a ¢ _K* 2k2( ) (Sz+a)z)z @ 2‘" N @l
(k>0) x4, (at)
1 1 Ins
gefk/s Jo(2vkt) gek/s I, (2kt) -~ —Int—y
g cos 2+/kt gl/s cosh 2+/kt 2 1 (eb‘ —ea‘)
Js Jrt Js Jrt s-b t
—k/s H k/s H 2 2
e32 sin 2vkt e32 sinh 2/kt S +2a) z(l—cosm)
s¥ Jrk s¥ Jrk s t
ks K 2_ .2
€ k e 4 arctan 2 lsin wt In3 2a E(1—cosh at)
(k>0 o t? S t S t
g5 .
1 ’th 1 ) . s+ 2
— —arctan— Si(wt In —(cosh at — cos wt
\/g \/E e S S ( ) 52 _az t ( )

(k >0)




